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ABSTRACT 


The incidence vector or characteristic function ome 
cyclic difference set can be viewed as a full period of a 
cyclic binary sequence. These cyclic difference set 
sequences possess certain desirable properties for 
applications in digital communications, radar ranging and 
some aspects of mathematical modeling. One particularly 
desirable property unique to cyclic difference set sequences 
is their two-level auto-correlation function. 

In this thesis, the cross-correlation functions of a 
Sample of uniform cyclic difference set sequences are 
investigated. The cross-correlations involve equivalent and 
inequivalent uniform cyclic difference set sequences. In 
addition, the span and cyclotomic cosets are determined for 
each sequence in the sample. 

The number of values taken on by the cross-correlation 
function of two equivalent cyclic difference sets having a 
period of v is shown not to exceed the number of cyclotomic 
cosets modulo v. A conjecture is presented which states 
that the cross-correlation function of equivalent Hadamard 
quadratic residue sequences takes on three specified values. 
In partial support of the conjecture it is shown that the 
cross-correlation function of equivalent Hadamard quadratic 


residue sequences can not assume more than three values. 
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Thome very (CyCilalem=(VY,K, X )-diftference set ~ D there 
corresponds a binary sequence, {sj} ie—meO 1 2e .o., V1, 
determined by its incidence vector or characteristic 
UNC On. The characteristic function places a 1 in 
position i of the v-long sequence if i is an element of the 
cyclic difference set and places a OO in position i 
otherwise. The sequence {s;} can be extended bi-infinitely 
to form a periodic sequence of period v. We call the binary 
sequences which have the same period v, uniform sequences of 
period v. Certain cyclic difference set sequences possess 
the pseudo-randomness properties generally described as 
balance, run and two-level auto-correlation. These 
properties make the cyclic difference set sequences 
desirable for applications in digital communications, radar 
ranging, and some aspects of mathematical modeling. One 
property common to all cyclic difference set sequences is 
their two-level auto-correlation function. However, not all 
of these sequences are balanced or have the run property. 

The maximal length linear shift register sequences 
(M-sequences) are examples of cyclic difference set 
sequences which have been studied extensively. In the 
following sections we observe regularities in the cross- 


correlation function of uniform M-sequences. [In particular, 


the number of values assumed by the cross-correlation of 
uniform M-sequences of period v never exceeds Y(v), the 
number of cyclotomic cosets, modulo v. When the correlation 
is between an M-sequence and a cyclically shifted version of 
the same sequence (auto-correlation) then the number of 
values taken on is two. The cross-correlation function of 
two cyclically distinct, uniform M-sequences assumes only 
three values on occasion but never less than three values. 
This thesis investigates the cross-correlation functions 
for a sample of uniform cyclic difference set sequences. 
The cross-correlations are presented along with other 
distinguishing properties of the cyclic difference set 
sequences. These properties include the multipliers, span 


and cyclotomic cosets. 
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A. DEFINITION AND EXAMPLES 

A set D = {r1,¥9,---,Yx} Of k distinct residues modulo v 
is a called a cyclic (v,k,i )-difference set if for every 
residue qa == O (mod v) there are exactly \ ordered pairs 
ere 5 ) from D such that ea = a(mod v). This definition 


immediately imposes the following relation 


k(k-1) = (v-1) Gir. 1.) 


which must necessarily hold among the three parameters v, k 
and 4. This can be seen by observing that there are k(k-1) 
distinct ordered pairs from D and (v-1) nonzero residues 
(mod v) which must each occur A times. 

The following trivial cyclic difference sets exist for 


every positive integer v: 


D= 8 (v,K,i) = (v,0,9) 
De— fi), O < 1 < v-1 alk) e— (7,170) 
De {Oa 2, <6 ,.V—-1) (Wake A) =1CV iN) 
Bee? . .. , Veh yltl wis, VEL} (vVels, \) = (V,Val, V=2).; 


These trivial cases are generally ignored or only treated as 


limiting cases. If the additional parameter n = k-A is 


re 


considered it can be shown by equation 1.1 that these 
trivial cases occur iff n= 0 or n= 1. A few examples of 


non-trivial cyclic difference sets are: 


D= {1,3,4,59,9} (v,k,A) = (11,5,2) 
D =10). 27 657527 Oo} (v,;k,;A) = (DiyGres 
D= {0,1,2,4,5,8,10} (v,K,A) = (15,7,3). 
B. EQUIVALENCE AND COMPLEMENTS 
Let z be any integer and D = {rj,¥9,-.--,ry) be a eyes 


(v,k, \)-difference set. If the set D* is formed by adding 
z, modulo v, to every element of D as follows 


x 


D © = {484+2,F8orZ,...,ryray = Drzamoda 


then it should be apparent that D is alsoma cyclic (vj. 


difference set. D* 


1s said to be a cyclic shift of DY ieee 
is an integer, relatively prime to v, then the set D** 


formed by multiplying every element of D by gq, modulo v, as 


follows 

p** = {Gr],40o,---,9Gr)} = GDetmeas 
is also a cyclic (v,k, A)-difference set. Any two cyclic 
(v,k, \ )-difference sets, D, and Dj, are said to be 


iz 


equivalent if D, = qD4+z, modulo v, for some integers gq and 
zZ with q relatively prime to v [Ref. l:pp. 1-2]. 

If D is a cyclic (v,k, 4 )-difference set then its 
complement D= {0O,1,.--,V-1})/D 1s a cyclic (v,v-k,v-2k+A)- 
difference set [Ref. 1: pp. 2-3]. It is usually sufficient 
to consider only one of a pair of complementary evyiclic 
difference sets. This can be accomplished by requiring that 
k be strictly less than v/2. Equation 1.1 precludes the 
possibility that k is equal to v/2. Note, if k = v/2 
then v = Deny (oye a by equation 1.1. Hence, if » = 0 then 
v = +1 and k = +1/2 which is a contradiction. Alternative- 
ly, if A is a positive integer then Veer is clearly 
irrational and the contradiction that v is irrational 


immediately follows. 


fee MULTIPLIERS AND CYCLOTOMIC COSETS 

If, for a given cyclic (v,k,\A )-difference set D and an 
integer m relatively prime to v, there exists an integer s 
such that mD = D+s, modulo v, then m is called a multiplier 
of the cyclic difference set D. The multipliers of D 
collectively form a multiplicative group, modulo v [Ref. 2: 
pp. 131-132]. 

Multipliers play a large role in the construction of 
certain cyclic difference sets and in proving’ the 
nonexistence of other particular types. Dil eknown Cyclic 
difference sets have non-trivial multipliers and it remains 


an open question as to whether this must hold for all cyclic 


IS, 


difference sets [Ref. l:pp. 7-8]. The following theorem, 
the "multiplier theorem", provides for the existence of 


multipliers for cyclic difference sets in certain cases. 


Theorem II.1 

If D = {¥4,Y9,---,Y~} Is a “Cyclic (7 ieee 
adifference set and if p is a prime divisor of n = k-A 
such that (p,v) = 1 and p > x, then p is a multiplier of 


the cyclic difference set D. 


A proof of Theorem II.1 is provided by Hall and is beyond 
the scope of this presentation [Ref. 2:pp. 132-135}. 

The multiplier m of a cyclic difference set can be 
characterized as inducing an automorphism, r-~>rm (mod v) of 
the underlying abelian group. This automorphism is thus a 
permutation of the integers {0,1,2,...,v-1} and can be 
expressed in cycle form [Ref. 3:pp. 90-91]. The cycles of 
the permutation r->rm (mod v) are called cyclotomic cosets. 
As an example, consider the case v = 15 and m = 2 with the 


corresponding permutation Tm: 


O 1 2 3 4 5 6 7 8 YF 103232 


O 2 4 6 § 210 12 145 5 7 9 ieee 


This permutation of the residues, modulo 15, can be 


expressed in cycle form as 
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(O), (1,2,4,8), (3,6,12,9), (5,10), (7,14,13,11) 


and the corresponding sequentially indexed cyclotomic cosets 
are listed as follows: 


Ore Oy 


CT {1,2,4,8} 
Ca = (se Sane 
Car— (5750) 


ae ( fed), 1-351). 


D. INCIDENCE VECTORS AND AUTOCORRELATION 

Associated with every cyclic (v,k,A)-difference set D is 
fem binary sequence {S;) 1 = 0,1,2,...,v-1, which can be 
considered as bi-infinite and periodic with a period of v. 
The sequence is’ produced by the incidence vector or 


characteristic function of the cyclic difference set 


2 oe 


So ae 
x 


0 otherwise. 
For example, the binary sequence given as 


O2lO Ll ll OG 020.150 


LS 


of length 11 1s associated with the cycitve) (115). 
difference set D = {1,3,4,5,9}. This sequence can be 


extended bi-infinitely 


eee ALTLOLIITOO0O0120 01 021 1 Ott ee 


to form the periodic cyclic difference set sequence of 
period 11. 

The set of periodic binary sequences can be partitioned 
into distinct classes. Each class 1s composed of all the 
periodic binary sequences which have the same period. Any 
collection of sequences which are in the same class are 
called uniform. 

The autocorrelation function of a sequence {sj} having a 


period of v is given as 


n-l 
Ce(t) = 2 Si5i4, 
1=0 
where the subscripts are taken, modulo v. Since {s;} is the 


characteristic function of a cyclic difference set its 


autocorrelation function is evaluated as: [Ref. l:p. 6] 
( * if 92 208 ed 


| X otherwise. 
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The binary sequence {sS;} can be transformed to the 


equivalent sequence {xj} by 


a 1-2Sj 


which merely replaces the ones of {sj} with negative ones 
and the zeros of {sj} with ones. If the sequence {xj} is 
feanelaced againsteitts cyclac shifts {x,;4_-}, where t #7 0, 
modulo v, the value (-1°-1) is obtained exactly A times, 

(-1°1) and (1°-1) are each obtained k-i times and (1°1) is 
obtained the remaining v-2(k-\,)-A times [Ref. 4:p. 59]. The 


following example illustrates this evaluation: 


D = (1;2,4) (v,K,A) = (7,3,1) 
Cee —2e-1e-1 2 =i 1 1 
(X447}) = -l -1 1-111 «1 
Cee de = 1 eT 
Cone 9-2 1 1 1-1-1 
(Xgga} =-1 1 1 1-1-1 1 
{Xi45} = 1 1 1-1-1 1-1 
erp) = Pea =1 =i) 1 =o. 


meomrelating {x;} against {xj;,3}, we obtain the value (-1°=-1) 
exactly once, (-1°1) and (1°-1) two times each and (1°1) the 
remaining two times. If {xj} is correlated against itself, 


the value (-1°-1) is obtained exactly k times and (1°1) is 
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obtained the remaining v-k times. The autocorrelation 


function of {x;} is given as 


| Vv if t = 0 {moc 
Cy (T) = 


v-4(k-}) otherwise. 


This type of autocorrelation function is said to be two- 
level. The cyclic difference set sequences are the only 
binary sequences which possess two-level autocorrelation 


functions (Rete: Oe 


Ee SPECIAL TYPES OF CYCLIC DIFFERENCES orks 

The cyclic (v,k, \ )-difference sets are generally 
classified by some relationship that exists among the 
parameters v, k, and _n. The parameters v and n are 
generally viewed as the most fundamental of the four. Given 
a cyclic (v,k,A)-difference set D and its complement D with 
parameters Cee ) = (v,v~-k,v-2k+ 4), it follows from 


equatien (Le that 


a 
~ 


k(v-k) = n(v-1) 


> 
> | 


(v=2K+A) = ntn=ie 


Noting that (+A = v-2n and requiring A > 1 for non-trivial 


Sy ele difference sets, it then follows that 
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(v-2n) 7/4 > oN Seni ye Vv — 2 


hence, 


n?+n+1 ey eS ean li. 20004 ) 


The parameters of all cyclic (v,k,4)-difference sets are 
Bonscrained by equation.2.1. [Ref. l:p. 3). 

Certain types of cyclic (v,k,A)-difference sets have 
been investigated to a greater extent than others. These 
types or classes are characterized by special relationships 


that exist among the parameters v, k, i and n in addition to 


equation (2.1). For example, the Hadamard cyclic difference 
sets have parameters v = 4t-1, k = 2t-1, and » = t-1 for 
some positive integer t. Cyclic difference sets are also 


categorized into families if the common property among them 
is of a constructive nature. These categories serve to 
identify and distinguish inequivalent cyclic difference sets 
which have identical parameters of v, k and .. The 
following three sections describe some of the categories 
that are more commonly encountered. 
1. Planar Type 

The cyclic difference sets that correspond to finite 
cyclic projective planes with }\} = 1 are described as being 
planar or _ simple. An extensive treatment of finite 


projective geometries can be found in Lidl and Neiderreiter 


a 


(Ref. §:pp. 496-508] and Coxeter [Ref. §:pp- 229-2528 
Planar cyclic difference sets are known to exist with 
parameters v = p2J3+pJ+1, k = pJ+1 and } = 1 for all prime 
powers pJ = on. Note, p* is a multiplier of such Cyamme 
difference sets for all positive integers k by the 
Multiplier Theorem II.1. All known planar cyclic difference 


sets are in the Singer family which are related to finite 


projective geometries, and have parameters 


v = (q°Nt1)-1)7(q-1), k = (aN-1)/(q-1), 1 = (a 227 Gee 


where N > 1 and q is a prime power [Ref. l:pp. 77-78,99]. 
Since n = k~ = (qN-g(N-1))7(q-1), qN-l is a multiplieénpwen 
all such cyclic difference sets. A few examples of planar 


cyclic difference sets are provided as follows: 


Dy ele (v,k,A) = (7,308 
D> = (0,1,3,9} (v,k, A) = (13,4,1) 
Dron Gnn yeild (v,k, A) = (21,5,1) 
Dee eo isle a 5) amy (v,k, ) = (31765 


with multipliers 2%, sy 2t3 ana 5% for positive integers 
Ey, Eo) eoedincdline, reSpecimiicig s 
2. Hadamard Type 
The Hadamard CyelLie difference sets are 


characterized by possessing parameters (v,k,A) of the form 
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Veo iek  — Zeeland })- = t-1. The Hadamard cyclic 
difference sets share a common characteristic with the 
planar cyclic difference sets in that they both possess the 
extreme values of }\ [Ref. l:pp. 90-91]. This is seen by 
npomuiming Kk =< v/20as usual, so that 1 < j < (v-3)/4. All 
known Hadamard cyclic difference sets can be categorized 


according to the value of v as follows: 


(i) a ee 

(11) v = 4t-1, v is prime 

(iii) v = 4t-1 = 4x2+27, v is prime 

(iv) vV = p(pt2), p and pt2 are both prime. 
Simce n= t >A = tel, tk is a multiplier whenever t is 
prime. 


The cyclic difference sets in category (i) are 
included in the Singer family which means that there exists 
an explicit method for their construction [Ref. l:pp. 99- 
9). Those in category (11) include the quadratic 
residues, modulo v, among others. The cyclic difference 
sets in category (111) are called Hall cyclic difference 
sets and those in category (iv) are called the twin prime 
cyclic difference sets. 

It does happen that inequivalent Hadamard type 
cyclic difference sets with identical parameters v, k and \} 


belong to more than one category. This, of course, implies 


Ze 


an overlap of the categories exists. In particular, eee 


following overlaps are listed [Ref. l:pp. 90-91]: 


(a) (1) and (ii) overlap iff v is a Mersenne prime 
(b) (1) and (i111) overlap iff v = 31 or 127 ocr I3t0@ 


(c) (1) and (iv) overlap iff v = 15. 


Some Hadamard type cyclic difference sets are given in the 


following examples: 


Dy = {1,2,4} 


(v,K,A)@=] (7,3;71)3> categories (1) Ws (iw 


D> = (1 ee Oe 


(v,k, A) S955, 2); categoria 


Dy = (1,298) 476)8, 12715, 16,17, 23524 seme ee 


(v,k, Ay=(31,15,7); categories (1) & (ihm 


Dg = {0,1,2,4,5,8,10} 


(v,K,A) = (15,7,;3); catecery aye 


3. Nt power Residue Type 


A cyclic (v,k, \)-difference set whose elements are 
the nth powers, modulo v, where v is a prime is called an 


nth power residue cyclic difference set. If zero is added 
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to this set the resulting set is called a modified Nth power 
residue cyclic difference set. The quadratic residue cyclic 
difference sets are a well known class of Nth power cyclic 
difference sets which are also of the Hadamard type. 
Theorem II.2 describes the existence of quadratic residue 
cyclic difference sets of the Hadamard type when v = 4t-1 


for some positive integer t. 


Theorem If.2 
If v = 4t-1 is a prime, the quadratic residues, 


modulo v, form a cyclic difference set with parameters 


(v,k,X) = (4t-1,2t-1,t-1). 
Baumert [Ref. l1:p. 119] provides a complete proof of this 
theorem. 

Recall that an integer a 7 0, modulo p, where p is 
an odd prime, is called a quadratic residue, modulo p, if 
the congruence Moe. io (mod p) has a solution x (mod p). 
Otherwise, oq 1S called a quadratic non-residue, modulo p. 


An example of a quadratic residue cyclic difference set is 


De mwbie4 5 ,6,7,.9, 1116, 174 (Vv, Kye =o ora 


The congruences x2 (mod 19) are: 
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1221, 18% 21, 42 216, 152 2 16, 72 = 11, 122m 
22 = 4, 172 24, 52 =6, 142 = 6, 84: 7, ie 
32 = 9, 16% 29, 64 217, 134 = 17, 92 = 5) foe 
Clearly, if x* = a (mod p) then (p-x)2 = a (mod p) since 
(p-x) 2 = p*-2px+x? = x2 (mod p). 
Therefore, the congruences x2 (mod p) need only be 


determined for the residues x = 1,2,...,(p-1)/2. 
The following theorem identifies the multipliers for 


all nth power cyclic difference sets. 


Theorem I1.3 
The nth power residues themselves are the only 
multipliers of a non-trivial nth power residue 


cyclic difference set. 


A proof of Theorem II.3 is given by Baumert [Ref. l:pp. 125- 
126) 

A full treatment on the classification and 
construction of cyclic difference sets can be found in 


Baumert [Ref. 1] and Hall [Ref. 2:pp. 120-166]. 


E. CYCLIC DIFFERENCE SET SEQUENGEsS 
The discussion so far has focused primarily on cyclic 


difference sets. In Section II.D it was shown that a binary 
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sequence can be associated with each cyclic difference set 
by means of its incidence vector or characteristic function. 
These cyclic difference set Sequences are the only binary 
sequences which possess a two-level auto-correlation 
Sane td On. The two-level auto-correlation function makes 
them useful for applications in digital communications and 
radar ranging. 

The remainder of this thesis deals specifically with 


cyclic difference set sequences which are extended 


periodically. The period of each cyclic difference set 
sequence is, of course, v. These sequences are identified 
by their associated cyclic differences sets. The general 


properties of all cyclic difference sets such as their 
multipliers, shifts and cyclotomic cosets carry over in a 
natural way to their associated cyclic sequences. 

A cyclic difference set D can be transformed to an 
equivalent cyclic difference set D* by forming the product 
aD, modulo v, where d is a multiplier of D. Ina similar 
fashion, the periodic binary sequence {s;} associated with D 
can be transformed to an equivalent cyclically shifted 
version ({Sg;} by taking every ath element, modulo v, from 
{Sj}. This process is called decimation. Hence, if {s;} is 
decimated by any element d from its associated multiplier 
group, then ({sg;} = ({Sj41} for some integer t. There exists 
eeeeamcloular shift of {s;} for which a decimation by any of 


its multipliers results in an identical sequence so that 
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(Sqi} = (si}- In this case {s;} is said to be aie 
characteristre, shite 

The cyclotomic cosets of a cyclic differencemmess 
sequence are determined by its associated multiplier group 
G. These cosets are constructed by forming the products rG 
(mod v) where r is an arbitrary residue, modulo v. The 
cyclotomic cosets are intimately connected with the 
structure of their corresponding cyclic difference meee 
sequences. For instance, if the cyclic differencempecn 
sequence {sj} is in its characteristic shift, thenueemw= 
values observed in all the positions of the sequence which 
lie in any particular cyclotomic coset of {s;} will be 
identical. This property of cyclic difference set sequences 
is described as being "constant on cosets" for obvious 
reasons. 

The “constant on cosets" property can be exploited to 
construct cyclic difference sets and their associated 
sequences. For a given modulus v, the cyclotomic cosets of 
each non-trivial multiplier dad can be constructed, then all 
possible combinations of the cosets are selected and their 
elements are combined into a set of cardinality k. This set 
is then tested to determine if the requirements for a cyclic 
(v,k,A )-difference set are met, i.e. if each non-zero 


difference o occurs exactly \ times. 
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TIT. MAXIMAL LENGTH LINEAR SHIFT REGISTER SEQUENCES 


PINE AR SHIFT REGISTER SEQUENCES 

The cyclic difference set Sequences include a special 
type of periodic binary sequences known aS maximal length 
linear shift register sequences (M-Sequences). A general 
(nonlinear) shift register of span n is an electronic device 
consisting of n sequentially connected binary storage units. 
At regular intervals the contents of each unit is shifted 
down the line into the next storage unit. During this shift 
a feedback term is computed from the contents of the n units 
and fed back into the first storage unit. The feedback term 
is determined by a feedback function which, in general, is 
not a linear combination of the values in the n storage 
units. Figure III.1 shows the general block diagram of a 


general (nonlinear) shift register with feedback. 


OUT 





Figure III.1 General Shift Register with Feedback. 
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The behavior of the shift register can be described as a 
mapping from a binary n-tuple space to itself which is 


invoked at regular intervals. The mapping is depicted as 


(Xq,XQ0-0-07Xn) 7 (£0%1,--+, Xp) 1X1, %0,-++1)Xp-7) - 


The actual output of the shift register can be taken as the 
binary sequence generated from the history of any particular 
storage unit or as the sequential progression of the binary 
n-tuples themselves. 

A linear shift register of span n generates a sequence 
of elements {s;} from the finite field F = GE(Z)e The 
elements of {sj} satisfy an nth order linear recurrence 


relation over F of the form 


St = 41,S¢-1]tAa2St-ot..-tapSt-n (3) 
where the coefficients aj1,a,...,a, are fixed elements of F 
and a, # O. The characteristic polynomial of the linear 


recurrence relation defined by equation (3.1) is defined as 
c(x) = xU-a,x0~ 1-450 <a 

The elements of an M-sequence satisfy an nth order 

linear recurrence relation over F - GF (2) whose 


characteristic polynomial c(x) is primitive, i.e. c(x) is an 
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nth degree irreducible polynomial over F = GF(2) which is 
the minimal polynomial of a primitive root q in E = GF(2!). 
This means that a generates the multiplicative group of non- 
zero elements in E = GF(2™) and that c(x) is the unique 
monic irreducible nt™® degree polynomial in F[x] for which 
c(a) = 0. For example, one period of an M-sequence having a 


period of v = 7 is 


oe omond a1 1) 0), 


The elements of this M-sequence satisfy the 3°4 order linear 


recurrence relation 


St = St-1tSt-3 


which has the characteristic polynomial 


c(x) = X3-xX2-1 


The shift register configured as in Figure III.1 that 


generates ({sS;} has corresponding feedback function 


PC Xo, Xo) = X77 tXR. 


where the sum of xX, and xX3 ron rEedqucedq= module 2. 


eo 


Bs PSEUDO-RANDOMNESS PROPERTIES 

Every M-sequence of period v = 2-1 satisfies three 
basic pseudo-randomness properties [Ref. 4:p. 10]. These 
properties make it appear that the elements of an M-sequence 
are determined entirely by a random process. However, M- 
sequences are deterministic and not random. Therefore, the 
three properties are said to be pseudo-random. They are 


listed as follows: 


(1) Balance Property. There are 29-1 ones and 271-1 


zeros in every period. 


(14) Run Property. There are 2N-2-1 runs of ones and 
2n-2-1 runs of zeros of length 1, for 1 < 1 23am 
plus a single run of n-1 zeros and a single run of 


n ones in each period. 


(111) Correlation Property. The autocorrelation 
function takes on the value v = 2-1 if j = 0 (mod 


v) and -1 otherwise. 


Note that the correlation property essentially states 
that M-sequences have a two-level autocorrelation function. 
Hence, every M-sequence represents the incidence vector of a 
cyclic difference set. It can be shown that this cyciae 


difference set has parameters (v,k,\) = (27-1,2"271,2n-2) 
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[Rete <p. 730]. M-sequences also have the additional 
property that all 2-1 subsequences of length n in the 


sequence are distinct [Ref. 3:pp. 152-153]. 


C. M-SEQUENCE MULTIPLIERS AND CYCLOTOMIC COSETS 

Since it has been determined that an M-sequence 
represents the incidence vector of a cyclic difference set, 
the question of identifying its associated multipliers 
naturally arises. The following theorem identifies the 


multipliers of all M-sequences. 


Theorem IIif.1 
If {Sp} 18 a maximal length linear shift register 
sequence of degree n, then {Sgk} 1s equivalent to a 


cyclically shifted version of {s;} iff 


q=1,2,22,...,2n-1. 


Golomb [Ref. 8:p. 76] provides a proof of Theorem III.1. 
Note that the multipliers which exist for M-sequences are 
not guaranteed by the Multiplier Theorem II.1. 

The multiplier group of all M-sSequences with a period of 
v = 21-1 is the group G = {1,2,22,...,2"-1}. The cyclotomic 
cosets of an M-sequence can be created by choosing each 


residue r, modulo v, and forming the sets 


Gr = {r,2r,2¢r,...,2™ -1r} (mod v). 


oa 


The number of cyclotomic cosets for an M-sequence having 


period v = 2-1, is given by [Ref. 8:pp. 77-78] as 


n ° 
Y(v) = 1/n ) p2¢4-n)-73 
i=l 


where (i,n) is the greatest common divisor of i and n. For 


the case n = 3, the Y(7) = 3 cyclotomic cosets are: 


Co on 


Cy 


{1,2,4} 


C5 {3 56—5 4 
Be DECIMATION 

Given a sequence {S;} and any integer d > 1, (aie 
sequence formed by taking every qth term, modulo v, (mem 
{Si} 2is ical fed the ath decimation of {Sj} - The following 


examples illustrate some of the decimations of a given M- 


sequence with period v = 15: 
(sp) =111 10 10 14 0 Ge otGeD 
(Sox) = 1100 1 0 000) 1c 
(Say) =101011 006 I oncnoien 
(Ssex} =111010 1 1 OF0MOnO soe 


{Sj6é~} = 11110 2 O FT 19070 ono 


Be 


There are three cyclically shifted versions of ({s,} 
which have particularly interesting decimations. Let {s,4-} 
be the sequence obtained by cyclically shifting {s,} by7t 
positions to the left, then the three cyclic shifts of {s,;} 


and their decimations are: 


(sane = CeIn oO 0 O81 0 0 


{(So(k424)} =O 121110101100100 


(se =—ieOmieOUO O00) 0 1 1 1 1 
{(Socneay} =001000111101011 
cael O 110010001111 
(Sen —CnOmmOmOnOr i 1 Pero: 7 10 7 1 
{(So(k+9)} =010110010001111 
cto OC omomon Inman 0 IW0r 1. 


The following points should be observed: 


(1) {Sk+14} = (S2(k+14)} 


(11) (Sx+4a}) = (S2(kt+9))}) (Sk+9) = (S2(K+4)} 


(111)  {S_+4)} (Sa(k+4)}, (Sk+9} = (S4(k+9)}- 


Other decimations of {s;} by 3, 5 and 7 are: 


S33 


L1l0001 1°00 Oe 


HSoit 


{Ss} t1loidld1 0 1°3°0 te 


1100 0 LOO OY a 


{S7,} 


Theorem III.1 states that {Sgk} is equivalent to a 
cyclically shifted version of {s,;} only for q = 1,2,.-<92 
and this is demonstrated in the example involving the 
decimations of ({s,} by elements in the multiplier group. 
The sequence (S,414} 1s the characteristic shift of {s,} 
Since {Sy414} = {So(k+14)}- In the examples involving the 
decimations of {s;,} by 3 and 5 the resulting sequences have 
periods which are less than 15. This short cycling occurs 
due to the fact that 3 and 5 are not relatively prime to 15. 
The following corollary pertains directly to the last 


example involving the 7th decimation of {S_}. 


Coro] ) ama ir. 


Any M-sequence with period v = 2™-1 can be derived 
from any other M-sequence having the same period v by a 


Suitable decimation. 


McEliece [Ref. 3:p. 163] provides a complete proof of 
Corollary .eit. 2. 

There are only two cyclically distinct M-sequences 
having period v = 15. The 7*h decimation of the M-sequence 


{s,} results in the only other cyclically inequivalent M- 
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sequence having period v = 15. It should be noted that the 
decimation of {s;,} by any two numbers which are in the same 
cyclotomic coset result in cyclically shifted versions of 
the same sequence. This means that the decimation of {s;} 


by 14, 13 and 11 results in cyclically shifted versions of 


(Ss, el OOO ONONI SAO) 2 .00tsd 


which is seen in the following decimations: 


(Cee oro CO loro da O01 0 1 1 1 
(so) =eeOnieeo 1 1 WOO MONMONOm: 
Tee ea 1 Oot OO 1 1 0 1 0. 
Ew) LRACE 
The concept of trace in a finite field E = GF(q™) is a 


particularly useful tool in the analysis of M-sequences. 
The trace of ao « E = GF(q"™) over the subfield F = GF(q) is 
defined as 


2 3 al 
Tre (c) = 0409400 +04 Heo Cle 


is 
Peers is the prime subfield of E then Trp(%) is called the 


absolute trace of a and is denoted by Tr(a). The term trace 


will denote the absolute trace unless otherwise specified. 
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The trace of Ge E = 
the conjugates of a with respect to 
The following theorem gives some of 


trace function. 


THeCOrene llr. 


If o,@e E = GF(q”") and 0 « F 
(a) Tr(a)e F 
(b) Tr(a+B) = Tr(a)+Tr(s) 
(Cc) >) Ec = ip tae) 
(dq) Tr(q%) = Tr(a) 


Te Naps b Oneo lL. 


(e) 


McEliece [{Ref. 3:p. 99] 


GFP(q") “over en 


= GF(q) is the sum of 


F (Ref. 5:pp. 54-55). 


the properties of the 


GF(q), then 


provides a proof of theorem III.3. 


Simply stated, the trace function is a linear transformation 


GE(q')\imonmto F = GF(a). 


let E = GRU 


from E = 


AS an example, 


and F = 


GF(2) with E 


defined over F by the characteristic polynomial 


c(x) = x4-x-1 


Let a 


c(x) defined by equation 3.2 so that 
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(320 


be a primitive root of the characteristic polynomial 


(3 2p 


The elements ct of the multiplicative group of non-zero 
elements in E = GF(2*) can then be generated using equation 
oS. The non-zero elements of E = GF(2*) and their trace 
values are listed in Table III.1. 

Since every element of E = GF (24) can be expressed as a 
linear combination of 09, at, a2, ana o2, the formal 
calculation of the trace need only be made for these 


particular elements as follows: 


Tr(19) = 1412414418 = 0 


Tr (a 1) = otoa2+o4+0 8 = 0 +02+( 041)+(a241) = 0 


Tr (a 3) + P+at2+a9 = a34+( 03402) 4+ (034+ 024041) 4+ (8+) = 1 


macorem Eili.3 1s then utilized to calculate the trace of the 


remaining elements of E. For example, the trace of ol! is 
Tr(otl) = Tr(oto2t+a) = Tr(a3)4+Tr(o02)+Tr(a) = 1+0+0 = 1. 
The characteristic shift of an M-sequence having period 
v = 2-1 and characteristic polynomial c(x) can _ be 
constructed by means of the trace function as follows [Ref. 


Soop. 160-161]: 


Reto, THe) ,Tr(ac),..4,Trta”’ °),Tr(oY—1). 


oF 


TABLE II1t.1 


NON-ZERO ELEMENTS OF E = GF(24) 


al Tr (a1) 

a® =1 Tr(a9) = 0 
at = 9 Tr(o 5 ="0 
«2 = at Tr (a 7) = 0 
oF = a Tr(a?) = 1 
f& =at1 Tr (a 4) = 0 
a> = +o Tr(a?) = 0 
a& =a 3402 Tr(a®) =1 
a’ =atta+1 Tr (q 7) = 1 
08 = 4241 Tr (q,8) = 0 
a? = atta Tr(a?) =1 
gt® = g2tot1 Tr(¢19) = 0 
Ail. _ ae 2 Tr (geet 
at4 = g3+a%+041 Tr (914) = 1 
qgt3 = g3+o%+1 Tr(gi3) = 1 
at = g341 Tr(gi4) = 1 
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The element ais the primitive root of c(x) which determines 
the multiplicative group of the finite field E = GF(2”). 


Hence, the sequence 


(pa—OmonO Imomomr 10102111 


where the elements of (s;} are determined by 


si = Tr(ot) i = 0,1,2,...,14 


is the characteristic shift of the M-sequence defined by the 


characteristic polynomial 


C(x) = x4—-x=-1 


Theorem II1I.3 gives the relationship of the trace 
function among all the elements ak in gE = GF(2") whose 
exponents k are in a particular cyclotomic coset of the M- 
sequence determined by the characteristic polynomial c(x) of 
E. The cyclotomic cosets of an M-sequence, determined by a 
characteristic polynomial c(x) and having a period of v, are 


formed from the cycles of the permutation 1-+*21 (mod v) by 


Theorem III.1. Clearly, all the elements of a particular 
cyclotomic coset are of the form 2Xi Cm@cdm: Vv. je Now by 
Theorem III.3, Tr(ot) = Tr((o2)2) for ale E = GF(27) 


defined by c(x) which implies that 
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Tr(at) = Tr((at)2) = ... = Tr((at)2%%) = trai2ky, 


Therefore, Tr (at) = Tr(a) if i andj are elements of the 
same cyclotomic coset. This essentially means that the 
conjugates of g 2 in E, relative to F = GF(2), all have the 


same trace value. 


F. SHIFT AND ADD PROPERTY 
M-sequences also satisfy the shift and add property 


which is given in the following theorem. 


Theorem III.4 
Let {S,} be an M-sequence with period v = 2-1. 
Then for any integer t Z 0O, modulo v, there exists a 


unique integer o, with 1 <o < v-1 such that 


(Se) +(Sx+ tT} = (Skt+o}- 


The sequences are added component-wise modulo 2. 


McEliece [Ref. 3:pp. 159-160] provides a proof of theorem 


III.4. The sequences (s;4,} and (S,49} are called a jehgee 


and add pair. The following example illustrates this 


important property: 
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(Sj) Oi tC led 


lOO 


{S44} 
if) ek il, Cmte) lO) al 


Clearly, 


(Sx}+(SxK4q} = (SK4+5) 


and this relationship holds for any cyclically shifted 
version of {S,}.- The sequences {Sx44} and (Sp45} are a 
shift and add pair and the numbers 4 and 5 are also referred 
to as a shift and add pair relative to {s;,}. The shift and 
add property applies in a similar fashion to the non-zero 
elements in the multiplicative group of E = GF(2™). The 
finite field E is determined by the characteristic 
polynomial of the associated M-sequence. Let ak be an 
element in the multiplicative group of non-zero elements in 


E = GF(2") then the shift and add property provides that 


oX is it t a , KO 
for a unique pair of integers t and o modulo v = 21, i.e. 
the elements , kt and okt o are a shift and add pair. 
The values that occupy the positions of a shift and add 


pair in an M-sequence are related by the following theorem. 
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Theorem III.5 
If oi and qJ are a shift ana add pair in E = GF(2?) 


defined by the characteristic polynomial c(x), then 


oO 


(a) Tr(gitt) = tr(gitty) iff tTr(at) 


il 
be 


(b) Tr(gitty x tTr(gJtt) iff Tr(aty 


where ac E. 
ProOoOr. 
Since a! and oJ are a shift and add pair, the 


implies that 
itt + ,J+t Sues 
By Theorem III.3 
Tr(oittsgJt+t) = trcealitty+rrcadtty = trooty. 


Clearly, 


Tr(aitty = pregitty) iff treat) = o 


Tr(qgitt) # pr(aJtty) iff Tr(at) = 1. 
Theorem III.5 implies that for an M-sequence in a particular 
cyclic shift relative to the characteristic shift, the 


values that occupy the positions of a shift and add pair 
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depend upon the value of the sequence bit in the initial 
position. For example, the sequence (s,} generated by the 


characteristic polynomial defined by equation (3.2) is 


ic OO 1 1 1 0 0 0 1.0. 


The positions of {s;,} are indexed by 0,1,2,..,14. The 


associated shift and add pairs (i,j) for the sequence ({s,} 


are determined by Table III.1 and provided in the following 


list: 
(1,4) (3,14) Ko, 13) (127a) 
(2,8) (5,10) (2720) 
The value in the initial position of {s};} is 0. Therefore 


the values that occupy positions of any shift and add pair 
in ({(s,} must be identical as observed. LE SiS 


eyelically shifted by 1 to obtain 

(eee) On Cad Iai 1 0 0 0 190 0 
Ehen the initial position of {s,4 ,} has a value of 1. 
Consequently, the values that occupy corresponding positions 


of any shift and add pair must necessarily be unequal, i.e., 


they are binary complements. For instance, the values 
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occupying the corresponding positions of the shift and add 


pair (3,14) are 1 and O respectively. 


G. REGULARITIES IN CROSS-CORRELATION 
Given two uniform M-sequences {a,} and {b;} with a 
period of v, the cross-correlation function is defined as 
V 
CCty=" ) (ayeierr 
k=1 
In the case {a,} = {(byy, }, then the cross-correlaewem 
function is the auto-correlation function €C,(1) of (ayaa 
defined earlier. The auto-correlation function will have 
exactly two values. The number of values taken on by the 
cross-correlation of two cyclically distinct uniform “M— 
sequences will take on at least three values. The joni 
general statement that can be made about the cross- 
correlation of two M-sequences is given by the following 


theorem. 


Theorem II1I.6 

The number of distinct values assumed by the cross- 
correlation function C(t) of two M-sequences, {a,} and 
{b}.}, both having a period of v, can never exceed Y(v), 
the number of cyclotomic cosets, modulo v. 
Proof: 

The proof is reproduced from Golomb [Ref. 8: p. 


82]. Without loss of generality, let {ay} and {b,} he 
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in their characteristic shifts. Now by corollary 


ier. 
{Agk} = {b}} 
for some q, with (q,v) = 1. Hence, 
V Ny 
C(t) = } axbk+, = 2] Aaxagktr 
hae k=] 


By the formula of Gauss for the multiplication of 
cyclotomic cosets, the value of C(T) depends only on the 
coset to which ft _ belongs. Therefore the number of 
different values assumed by C(t) can not exceed Y(v), 


the number of distinct cyclotomic cosets, modulo v. 


It is observed that certain regularities exist other 
than the one indicated by Theorem III.6. In fact it happens 
On occasion that the  cross-correlation PinctloOn = OF 
cyclically distinct M-sequences assumes only three values, 
which is the minimum number possible. C(t) also takes on 
the values of sequential integers in certain cases. The 


following examples show these particular regularities: 


eee eet Oe ere OO ral rrooorrordid1ol 


O oro 0 0 


45 


(bp} = 1l1ILITLOLLOONOILIL IT O000 11 tte 


OORT Olea 


C(t) <6 315, oY ere) 7, {by} = Mai 
(a~} =100101100111110001101 ie 
0-120. G2 on oO 


O1l0 70 1121202122100 O11 1] ieee 


| 
=) 
© 
O 
O 


{Db} } 
LO ieee I 


CUT) e{ Gy7ey lO ae YG 328) SG {by } = {A30k} 


The following theorems explicitly determine the cross- 
correlation function of uniform M-sequences in certain 
restricted cases. These theorems are presented without 
proof. A list of references which contain various parts of 
the proofs of these composite results can be found in 


Sarwate and Pursley [Ref. 9:p. 603]. 


Theorem III.7 

Let {aj} and {bj} be uniform M-sequences having a 
period of 2° -1 Wath (> {agi}, where either gq = 2ki4 
or q = 22k-2ki1. If e = gcd(n,k) is such that n/e 
is odd, then the cross-correlation function of 


{a;} and {b+} 1s three-=valuedmana 
-142((mte)/2) gcocurs 2(n-e-1)42((n-e-2)/2) times, 


-1 occurs 27-2(N-€)-1 times and 


==> (nee occurs 2(n-e-1)-2((n-e-2)/2) times. 
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Theorem III.7 applies to the previous example involving the 
cross-correlation of the M-sequences having a period of 31 


where 


OOO aeieemerl Il lei oo 0 1101121021 


| 
a) 


(ola) 


0 > 120n0. 0 e 


and 


ee eee Oe Oe Oe eo O-ler oO tl 01001 0 


© Oia One 1... 
These sequences are transformed to their corresponding 
sequences of 1's and -1's as described in Section II.D and 


their cross-correlation function 1S evaluated. 


(xj) =-1 1 2-1 2-1-1 #1 #1 -1-1-1-1-10=°1«21 


| 
1 
a 
t 
1 
- 
1 
a 
1 
_ 
a) 
i 
p— 
\ 
' 
- 
a 
=) 
=) 
a) 
i 
a) 


(x*s} 


In this case n = 5, k = 2, and gq = 13 so that (aj) = (b13;} 
eeeept for a cyclic shift. Clearly, e = gcd(5,2) = 1 and 


5/1 = 5 is odd, hence 
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3 occurs 10 times, 
-1 occurs 15 times and 


-9 occurs 6 times 


as actually observed in the computation of C(T). A pair of 
M-sequences which have a three-valued cross-correlation 


function is called a "preferred" pair. 
Theorem III.8 
Let {a;} and {b;} denote M-sequences of period 2"-1 
where n is a multiple of 4. If {aj} = {be(n)j} with 


t(n) = 2¢(nt2)/2)~-4 


then the cross-correlation function of {a;) and {5g 


four-valued and 


-1+2((N+2)/2) occurs (2 (n-1)-2((N-2)/2)) 73 times, 


~14+2(n/2) occurs 2(N/2) times, 
al occurs 2(n-1)-2((n-2)/2) -4 times and 
-1-2(n/2) occurs (27 - 2(M/2))7/3 times. 


Theorem III.8 applies to the following example of the cross- 
correlation function of M-sequences having a period of 15 


with 
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eee! toa] -1 <1 =1 --1 


| 
bY 
Me 


{aj} 


and 


ee le: | 6lll US eal 1 61 ee ll. 


{bj} 


For this example n = 4, t(4) = 7 and {aj} = {b7j}, therefore 


7 occurs 2 times, 
3 occurs 4 times, 
-1 occurs 5 times and 


-5 occurs 4 times 


which agrees with the actual computation of C(T). 

Theorems III.7 and III.8 indicate when the number of 
values assumed by the cross-correlation function of two 
cyclically distinct M-sequences is minimal or near minimal. 
However, the upper bound on the number of cross-correlation 
values does not appear to be approached unless {aj;} and {bj} 
Pee moe SeCMences mea cae(a;} 1S a cyclically shifted 


Version of {bj} in reverse order [Ref. 8:pp. 82-85]. 
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IV. METHODOLOGY 


AS PROCEDURE 

This investigation focuses on the cross-correlation 
functions involving a sample of uniform cyclic difference 
set sequences generated from a list of cyclic difference 
sets provided by Baumert [Ref. l:pp. 150-158]. This lage 
containing the 85 cyclic difference sets for which k < 100 
includes the multipliers and classifications of each cyclic 
difference set. The cross-correlations are separated into 
three different categories and each category is treated 
individually as discussed in the following sections. 

Only one cyclic difference set sequence from each 
complementary pair is necessary for the purposes of this 
investigation. This is seen by noting that if {adj} mee 
cyclic difference set sequence composed of 1's and -l1's, 
then the associated complementary sequence {ay} is obtained 
from {a,} by changing the 1's to -1's and vice versa, i.e., 
(ax) = SOs The cross-correlation function C(T) of the 


uniform sequences {a,} and {b}} having a period of v is 


V 
C(t) =) weap 
k=1 


a0 


where the subscripts are taken modulo vv. The cross- 
correlation function of the complementary sequence (a,} and 


the sequence (b;,} is 


V V V 
ee = ) aybyyt = )  -axbyyt = - ) axbyyt 
k=1 k=1 k=1 
Hence, the cross-correlation function of {a,} and {by} is 
the negative of C(t) for {a,} and {b,). 
Table IV.1 identifies the 39 cyclic difference sets 
used to construct the sample of cyclic difference set 
sequences. The classifications and multipliers are also 
provided for each cyclic difference set in the table. 
The cyclic difference sets with identical parameters are 
distinguished by the letters A, B, C, ..., etc. The 


following classification codes are defined as: 


Sn - Hyperplanes in Projective n Space 
L- Quadratic Residues 
TP - Twin Prime Sets 
H - Hall's Sets 
GMW - Gordon, Mills, Welch 
* - No Special Category Applies 


A complete enumeration of the elements of each cyclic 


difference set in Table IV.1 is listed in Appendix A. 


Sal 


TABLE IV.1 


SAMPLE CYCLIC DIFFERENCE @SGas 


(Wikies) CLASSIFICATION MULTIPLIER 
Gees) So an 2 
(1 1Se 2) 1 3 
(is). 7 ae S3,TP 2 
(19, 2) L 5 
(Zane, -) S2 2 
(23,11,5) L 2 
(2a0NG 2 5 
(ail\ se S4,H 2 
(31B,15,7) L 2 
(es olay TP 3 
(40), 41ge4 ) $3 3 
(43Re 2 ie HO) H Ta 
(43B,21,10) Tf 11 
(a7 Dall) ie 2 
(57,8,1) S2 7 
(59,29,14) L 3 
(63A,31,15) S5 2 
(635.13 7) GMW 2 
(67,33,16) if i 
(Fil, 35) is 2 
(79 oor), Tf 2 
(83,41, 20) L 3 
(85,21,5) $3 2 
(Salon) Sp 3 
(103,51,25) Te 2 
(107,53,26) le 3 
(ADEA Oia) S4 3 
(121B,40,13) * 3 
(Tee A0 is) * 3 
(2D eA ) * 3 
(127A,63,31) i 2 
(127B, 63,31) H 2 
(IDE 63731) S6 2 
(A270 63750) * 2 
(127E, 63,31) x 2 
(1298-63-31) x 2 
(113016 65732) ie 3 
C33 ae y) S2 ite 
(1633) crs) * 5 
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1. Sample Construction 


The sample of 39 cyclic difference sets is derived 
from the list of cyclic difference sets provided by Baumert. 
The corresponding cyclic difference set sequences are 
generated by the characteristic function of each cyclic 
difference set. These cyclic difference set sequences ({s}} 
of O's and 1's are then transformed into sequences {x;} of 


1's and -1's by 


Xj =eli=2S. 


The cross-correlation functions are evaluated using these 
sequences of 1's and -l's. 
2. span 

The span of a periodic binary sequence {s;} is 
defined as the smallest positive integer n such that all 
subsequences of length n in {(s;,} are unique. The span of 
each cyclic difference set sequence in the sample is 
determined by an exhaustive computer search and is provided 


in Appendix A. 


B. CYCLOTOMIC COSETS AND EQUIVALENT SEQUENCES 

The multipliers of the cyclic difference set sequences 
with period v are used to construct the associated 
cyclotomic cosets, modulo v, for each sequence in the 
sample. The multiplier group G is formed from the 


multipliers of each sequence. The cosets are determined by 


of 


forming the products rG (mod v) where r is an arbitrary 
residue, modulo v, as noted in Section II.F. 

The cosets described above are utilized to obtain the 
equivalent sequences of a given cyclic difference set 
sequence (a,}.- Recall that two cyclic (v,k, )-difference 
sets Dy, and Dj; are said to be equivalent if Dy = qD4+z for 
some integers q and z with q relatively prime to v. 
Analogously, two uniform cyclic difference set sequences 
{ay} and (b,} having a period of v are said to be equivalent 
evade {(box+z} for some integers q and z with q 
relatively prime to v. Consequently, all the cyclic 
difference set sequences equivalent to the cyclic difference 
set sequence (b;} are obtained by properly decimating are 
A proper decimation is defined as a decimation by an integer 
relatively prime to v. 

Decimating any cyclic difference set sequence by 
integers which are in the same cyclotomic coset results in 
cyclically shifted versions of the same sequence. Without 
loss of generality, only one cyclic difference set sequence 
from each class of coset decimations are considered. 
Therefore, a sequence {b;} need only be decimated by one 
representative element from each coset containing integers 
which are relatively prime to v. This produces one each of 
the sequences equivalent to {b,}, none of which are cyclic 


shifts of any another. 
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The cyclotomic cosets associated with each sequence in 
the sample are provided in Appendix B, except for the 
Hadamard quadratic residue sequences. The cyclotomic cosets 
are referenced by the period and multipliers of the 
corresponding sequences. The cyclotomic cosets for the 
Hadamard quadratic residue sequences are shown to have a 
very structured form ina later section which precludes the 


necessity of listing them explicitly. 


D. CROSS-CORRELATION 

The cross-correlation function C(t) is evaluated for 
the uniform cyclic difference set sequences in the sample. 
In nearly all of the cases, only the number of values 
assumed by C(t) 1s described. In the special cases 
involving the cross-correlations of equivalent quadratic 
residue sequences, the actual values assumed by C(t) are 
also included. 

There are two major types of cross-correlations that are 
evaluated. One type pertains to the cross-correlation of 
equivalent sequences and the other pertains to the cross- 
correlation of inequivalent sequences. Peep ad BO fey .C 1i.C 
difference set sequences {a,} and {by} are inequivalent if 
one is not a cyclically shifted decimation of the other, 
2-€., {ay} # {bgk+t }- These two types of cross-correlations 
are treated separately. The cross-correlations involving 
equivalent Hadamard quadratic residue sequences are treated 


aS a special category. 


a 


1. Equivalent Sequences 


A set of cyclically distinct, equivalent sequences 
are derived for each cyclic difference set sequence in the 
sample. This is accomplished by properly decimating each of 
the sample sequences as discussed in Section IV.B. The 
Original cyclic difference set sequence from the sample is 
then cross-correlated with each of its equivalent 
decimations. 

2. Inequivalent Sequences 

There are only 19 cyclic difference set sequences 
from the sample for which cross-correlations between 
inequivalent uniform sequences are possible. In order to 
evaluate a cross-correlation of uniform inequivalent cyclic 
difference set sequences, at least two uniform inequivalent 
sequences are required. Consequently, all the cyclic 
difference set sequences having a unique period in the 
Sample are excluded from consideration. This leaves 19 
inequivalent cyclic difference set sequences for the 
investigation. Table IV.2 provides the number of sequences 
having each of the indicated periods which appear among the 
19 cyclic difference set sequences. 

There are 3 inequivalent sequences in the sample 
Naving a “perted offs. cis Hence, there are 3 possible 
combinations of these particular inequivalent sequences 
which can be cross-correlated. The total number of possible 


cross-correlations involving uniform inequivalent sequences 
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TABLE IV.2 


PERIOD DISTRIBUTION OF INEQUIVALENT SEQUENCES 


Period No. of Sequences 
Boe 5 
43 2 
63 2 
121 4 
7 6 
33 2 


from this sample is 27, as determined by Table IV.2. All 27 
cross-correlations are evaluated in this investigation. 
3. M=-Sequences 

The M-sequences having periods 15, 31, 63, and 127 
are each represented in the sample by an equivalent binary 
complement. Every M-sequence of period v can be obtained by 
a suitable decimation of any M-sequence of period v by 
Corollary iiiee.. Therefore, properly decimating a 
particular binary complement of an M-sequence results in a 
sequence which is the binary complement of another 
cyclically distinct M~sequence. 

The sequences generated from the following cyclic 
difference sets are binary complements of the M-sequences 


which have the indicated characteristic polynomial c(x): 


tk 
~ 

nae 

( 
~s 

t 


(elS7.7 43) $3,TP (x) 


II 
ras 

om 

t 
%s 

LJ 

( 
j 


(oA? 15.7) S4,H c(X) 


oy 


(63Ay, 3 le s5)) So C33) xO-x=1 


(127¢C 363,255 S6 c(x) x =xP =x2-x-1 


The corresponding complementary cyclic difference sets have 


parameters (v,k,A): 


(15,8,4) 
(31 sien) 
(63,32,16) 


(127 Ghseo) 


which are of the form (27-1,2n71, 2n-2), These parameters 
coincide with the parameters of the cyclic difference sets 
associated with M-sequences as noted in Section II.B. 

Proper decimations of each’ previously § listed 
"complementary" M-sequence result in binary complements of 
all the respective M-sequences for a given period. For 


example, in the case of the cyclic difference set 


D= {0,1,2,4,5,8,10} (v,k,d) = (15,7,3) 


the associated cyclic difference set sequence is 


{sx} = 1110110 0 1 Oe oe 
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The sequence {S};} is the complementary sequence of the M- 


sequence 
a OnoOmO Oromia O 10 12 1 1 
defined by the characteristic polynomial 
c(x) = x4-x-1. 
If the 7*9 decimation of {S;} is formed 


(oe oro Oo O10 10011011, 


it is the complementary sequence of the only other 


cyclically distinct M-sequence of period 15 
(soe Ome Owe O Iie 0 1.0 0, 
defined by the characteristic polynomial 
c(x) = x4-x3-1. 
As stated previously in Section IV.A, only one 
sequence from a complementary pair need be considered in the 
investigation of the cross-correlation functions of uniform 


cyclic difference set sequences. Therefore, it is not 


a9 


necessary to include the cross-correlations of the actual M- 


sequences themselves having the aforementioned periods. 
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eee eo U UTS 


A. REMARKS 

The scope of this thesis is essentially limited in most 
cases to investigating the number of values assumed by the 
cross-correlation function of uniform cyclic difference set 
sequences. In the special cases involving the cross- 
correlations of quadratic residue sequences, the actual 
values taken on by C(T) are also considered. The general 
observations and results are presented separately for each 


type of cross-correlation. 


B. CROSS-CORRELATION OF INEQUIVALENT SEQUENCES 

The number of values assumed by the cross-correlation 
functions of inequivalent cyclic difference set sequences 
are provided in a condensed format in Appendix C. Since the 
sequences are inequivalent they do not necessarily have the 
same multipliers or the same number of cyclotomic cosets. 
Therefore, the number of cyclotomic cosets is provided for 
each inequivalent sequence as determined by their respective 
multipliers listed in Table IV.1. 

The cross-correlations of inequivalent sequences are 
observed to take on 3 values in only 2 cases and a maximum 
number of 11 values in 5 cases as listed in Appendix C. The 
average number of values assumed for these 27 #4cross- 


correlations iS approximately 8. There are no apparent 
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regularities discernible to the author among’ these 


inequivalent cross-correlations. 


C. CROSS-CORRELATION OF EQUIVALENT SEQUENCES 
The number of values taken on by the cross-correlation 


functions of equivalent cyclic difference set sequences are 


provided in a condensed format in Appendix D. The original 
sequence from the sample, {s,}, 1S cross-correlated with 
each of its proper decimations, {Sgk}- The number of 


cyclotomic cosets is given for ({s};} as determined by its 
multipliers listed in Table IV.1. 

The number of values assumed by the cross-correlations 
of equivalent cyclic difference set sequences are observed 
not to exceed the number of cyclotomic cosets in all cases. 
Theorem III.6 states that the number of distinct values 
assumed by the cross-correlation function of two M- 
sequences, both of period v, can never exceed the number of 
cyclotomic cosets, modulo v. This theorem applies in 
general to equivalent cyclic difference set sequences. The 
following modified version of Theorem III.6 is presented for 


this general case. 


Theorem V.1 
The number of distinct values assumed by the cross- 
correlation function C(t) of two equivalent Cyeume 


difference set sequences, {a,} and ({b}}, uniform with a 
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period of v, can never exceed the number of cyclotomic 
cosets, modulo v. 
Proof: 

The proof of Theorem V.1 is identical to the proof 
of Theorem III.6. Since {a;,} and {b,} are equivalent 


cyclic difference set sequences 


{Agk} wens) 


for some gq, with (g,v) = 1. Without loss of, generality 
let {a,} and {b;,} be in their characteristic shifts. 
The cross-correlation function of {a;,} and {by} is 


Vv Vv 
CC) = )  aybyyr = ) eset 


k=1 k=l 
By the formula of Gauss for the multiplication of 
cyclotomic cosets, C(t) depends only on the coset to 
which t belongs. Therefore the number of different values 
assumed by C(t) can not exceed the number of evelotomic 


cosets, modulo v. 


It is not uncommon for the cross-correlation function of 
equivalent cyclic difference set sequences to assume exactly 
3 values as seen in several cases presented in Appendix D. 
However, it is not clear when the cross-correlation between 


equivalent cyclic difference set sequences will take on any 
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particular number of values except in the cases involving M- 
sequences as noted in Section III.G. Finally, we observe 
that the number of values assumed by the cross-correlation 
of equivalent cyclic difference set sequences never appears 
to approach the upper bound set by Theorem V.1 unless one 
sequence is the reverse of the other. 
D. CROSS-CORRELATION OF EQUIVALENT QUADRATIC RESIDUE 
SEQUENCES 
There are 16 quadratic residue sequences in the sample 


identified as follows: 


(eran) (al ises age) (19,9,4) (23, 11 ae 
(31B,15,7) (43B,21,10) (AGG 23) (59,29,14) 
(67,33,16) (GA) (79,39,19) (83,41, 20) 
(103,51,25) (107,53,26) (127A,63,31) (131,65, 420 


Clearly, all of these sequences are of the Hadamard type 
having parameters (4t-1,2t-1,t-1). 

The guadratic residue sequences have a multiplier group 
composed of the quadratic residues, modulo v, and each 
sequence has exactly 3 cyclotomic cosets. The first coset 
contains the single element 0, the second coset contains the 
2t-1 quadratic residues, modulo v, and the third coset 
contains the remaining 2t-1 quadratic non-residues, modulo 


V. 
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Consequently, only 1 cyclically distinct equivalent 
sequence exists for each of the quadratic residue sequences 
in the sample. The equivalent sequence is obtained by 
decimating the quadratic residue sequence {S,y} by q, a 
quadratic non-residue, modulo v. Furthermore, {Sy} and 
{Sgk} are observed to be reverse sequences. 

The cross-correlations of {S,} with {(Sgk} assume 3 


values in all the observed cases and 


-1 occurs 2t-1 times, 
3 occurs 2t-1 times and 


-(4t-3) occurs 1 time. 


For example, in the case of the sequence {s;} identified by 
its parameters (23,11,5), the equivalent sequence {s5;)} is 
obtained by decimating (sxp} by 5 which is a quadratic non- 
residue, modulo 23. Dhewesoss—cOrrelation Of {S,} with 


M5) Cakes on 3 values and 


-1 occurs 11 times, 
3 occurs 11 times and 


-21 occurs 1 time. 
This cross-correlation function shows’ there is a 
particular cyclic shift of {s,} for which a strong negative 


cross-correlation exists between {s;} and {Sgk}- The strong 
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negative cross-correlation indicates that this particular 
cyclic shift of {s;} is nearly the binary complement of 
{Sgk}- In factyy si) wand {Sgk} agree in only one posititemm 
The observed cross-correlation functions of equivalent 
quadratic residue sequences suggest the following 


conjecture. 


Conjecture V.2 

Let ({s,} be a cyclic difference set sequence 
generated from a quadratic residue set with parameters v 
= 4t-1, k = 2t-1, and A = t-1 such that v is prime. 
ets {Sgk} is an equivalent decimation of (s,} by a 
quadratic non-residue q, modulo v, then the cross- 


correlation function Cir) cree. eeane {Sgk} is 3 valued 


and 
-1 occurs 2t-1 times, 
3 occurs 2t-1 times and 
-(4t-3) occurs 1 time. 

Furthermore, let Q be the set of quadratic 
residues, modulo v, and let N be the set of 
quadratic non- residues, modulo v. If C( 7") = -Geag 
for some fixed Se eee then 
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| -1 it tee N and t 7 0 (mod Vv) 
C( 1*4+1) = 3 ie re 'O 


| ~(4t-3) if t= 0 (mod v). 


Each quadratic residue sequence in the sample is 
observed to have 3 cyclotomic cosets, namely the single 
element 0, the quadratic residues, modulo v, and the 
quadratic non-residues, modulo v. In order to obtain 
exactly 3 cosets a "proper" multiplier must be chosen. 

The multipliers of a quadratic residue cyclic difference 
set are the quadratic residues themselves by Theorem II.3. 
For the case v = 127, if the multiplier 2 (162 = 2 /mod i127} 


is selected, then the corresponding multiplier group is 
Ge (leo 46 1G, 32,64). 


which clearly does not contain all the quadratic residues, 
modulo 127. For this example G generates a total of 19 
cyclotomic cosets. If on the other hand, the quadratic 
residue 9 is chosen as the generator of the multiplier 
group, then G contains all the quadratic residues, modulo 
127, and there are a total of 3 cyclotomic cosets. 

Theorem V.1 indicates that the number of values taken on 
by the cross-correlation function of the equivalent 
quadratic residue sequences in the sample can not exceed 3, 


as observed in all cases. The following theorem shows that 
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the cross-correlation function of equivalent quadratic 


residue sequences never assumes more than three values. 


Theorem V.3 

Let {S,} be a Hadamard quadratic residue sequence 
with parameters v = 4t-1, k = 2t-1 and i) = t-1 such that 
vis prime. If {Sg,} 18 a decimation of {s;,} by a 
quadratic non-residue d, then the cross-correlation 
function of {Sp} and {Sg} takes on a maximum of 3 
values. 

Proof: 

If v = 4t-1 is prime then the residues, modulo v, 
constitute a finite field. Therefore, the 
multiplicative group of the nonzero residues, modulo v, 
is iyo) te, 

Consider the set Q of all quadratic residues, 
modulo v. Clearly, 1 is an element of Q so that Q is 
non-empty. If q1,q2<«Q, then for some non-zero residues 


xX, and X5, modulo v, 


aq. = Xj (mod v) 


ae X95? (mod v) 


Hence, 
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Z 2 


di: 2 (mod v) 


Itt 


x71 7X9 


(X1-X5) 2 (mod v) 


bil 


and (q1-q2) «9. Since the quadratic residues are closed 
under multiplication, they necessarily form a subgroup 
of the multiplicative group of non-zero residues, modulo 
v. Every subgroup of a cyclic group is cyclic therefore 
Q is cyclic and Q = <q> for some g <Q. 

By Theorem II.3, the multipliers of a quadratic 
residue set are the quadratic residues themselves. Let 
the multiplier group G = Q be generated by the 


multiplier q«Q such that 
ce Onan concen mccmenada Pr) (mod vy) . 


Clearly, Q 1S one particular cyclotomic coset, modulo v. 
The other cyclotomic cosets are constructed by forming 
the products xQ (mod v) where x 1S a quadratic non- 
residue, modulo v. In the trivial case where x = 0, the 
cyclotomic coset contains only the single element 0. We 
now show that the only remaining cyclotomic coset 
contains all the non-zero quadratic non-residues, modulo 
ies 

Let x be a non-zero quadratic non-residue, modulo 


VW and consider 
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N = xQ = (xq,xq*,xq?,...,xq*~ -,xq7=s }mu@nedmmam 


Suppose |N| < 2t-1, then 


xqi = xqJ (mod v) for 1 < 2999 2 cee 


Therefore, 


xq = kv+xqJ ke Z@ 
kv = x(qJ-qi) 
= x(qJ-ql)/k k# 0. 


Since v is prime, either 


(1) %* =v and qji-qi = k 
or 
(ii) ™“« = kK and qJ-qi = v must hold. 
Case (1): If x = v then x = 0 (mod v) so that xO = ge 


which has been previously discussed and is not under 
consideration. 

Case (11). at q)-qi = v then q) = qi (mod v) which is 
Clearly a contradiction. Hence, the 4t-1 residues, 
modulo v, have been accounted for in exactly 3 


cyclotomic cosets as follows: 
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CoS 


en ciara emmmacic +, qe"~1) (mod v) 
ee pert ene x2 ,xqe =") (mod v) 
where q iS a quadratic residue such that Q = <q> and x 


1S a non-zero quadratic non-residue, modulo v. 
Therefore, the cross-correlation function of equivalent 
Hadamard quadratic residue sets can not assume more than 


3 values by Theorem V.1. 


It is not clear to the author why the cross-correlation 


functions of equivalent quadratic residue sequences assume 


the 3 particular observed values. 


wal 


VI. CONCLUSTONS 


The maximum number of values assumed by the cross- 
correlation function of equivalent cyclic difference set 
sequences is shown to be bounded. This upper bound is the 
number of cyclotomic ™ cosets = medute. 1 for unlfGian 
equivalent cyclic difference set sequences having a period 
Of: In certain special cases involving M-sequences, the 
cross-correlation function is known to take on three and 
four explicit values with stipulated frequencies of 
occurrence, as given by existing theorems. 

The cross-correlation of equivalent Hadamard quadratic 
residue sequences is conjectured to take on three specified 
values. In each cross-correlation involving equivalent 
Hadamard quadratic residue sequences having the associated 
parameters v = 4t-1, k = 2t-1, and \» = t-1, it is observed 


that 
~l1 occurs 2t-1 times, 
3 occurs 2t-1 times and 
-(4t-3) occurs 1 time. 
In partial support of the conjecture, it is shown that the 


number of values assumed by the cross-correlation of 


2 


equivalent Hadamard quadratic residue sequences can not 
exceed three. 

The cross-correlations of the uniform inequivalent 
cyclic difference set sequences assume three values in two 
separate cases however no distinguishing characteristics are 
derived by the author from the relatively small sample. It 
should be mentioned that other inequivalent  cross- 
correlations are possible from the set of 19 inequivalent 
sequences considered in this investigation. These 
additional cross~-correlations involve properly decimated 
versions of the 18. inequivalent sequences and may 
demonstrate some regularities which are not evident in this 


sample. 
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APPENDIX A 


SAMPLE CYCLIC DIFFERENCE ome 


(ke a) Span Cyclic Difference Set 

(os Ay) 3 59 2e 4 

(iS, 2) 5 Disp a paeAaea ee 

(157 en 4 0, 1, 274.) 5 Ce 

(19,9,4) 5 1, 4, 5,26, 7, Slee) deerme 

(21, i501) 9 36 aT eee 

(237s) | 1, 2, 3, 4, 6, 8, 9, 12, 13) 

(S16 er) 12 el 

(3401567) 5 1, 2, 3, 4, 6, 8, 12, 15, 16/0qe 
23, 24, 27 corel 

(31B,15,7) 7 1, 2, 4, 5, 7, 8, 9, 10, 14, Tenmeee 
19, 20, 25s 

(350175) 8 0, 1, 3, 4, 7, 9, 11, 12, 13 ,ceee 
17, 21, 27s ore 

(401 a4) 10 1, 2, 3, 5, 6, 9, 14, 15, 18, 2Gpmeee 
ZIG 55 

(ASA Ode 10) 8 1, 2, 3, 4, 5, 8, 11, 12, 16, 9197 
21, 22, 27, 32, 33, 35, 37, So ume 
42 

(43B,21,10) 7 1, 4, 6, 9, 10, 11, 13, 14)00%opeeen 
17, 21, 23, 24, 25, 31, 35, 36 ;meen 
40, 41 

(S78 18 1, 6, 7, 9, 19) 38a 

(AT 2a 9 1, 2, 3, 4, 6, 7; 8, 9, 12m teen 
17, 18, 21, 24, 25, 27, 928) eneeeene 
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(v,k,A) Span Cyclic Difference Set 


(59,29,14) 


(63A,31,15) 


(668)31,15) 


(67,33,16) 


735,17) 


(79,39,19) 


(83,41,20) 


(85,21,5) 


10,1) 


(103,51,25) 


g 


11 


LO 


10 


ai 


16 


25 


onl 


le; 
ior, 
36, 


0, 
14, 
a3 
54, 


0, 
16, 
350 
54, 


i, 
2, 
36, 
59, 


1, 
16, 
oe 
50, 


1, 
19, 
36, 
51, 
76 


1, 


31 
Ol 
41, 


iy 
16, 
35, 
56 


1, 
‘iy , 
oa 
58 


4, 

oF 
70 
60, 


2, 

ee 
36, 
54, 


2, 

20, 
38, 
52, 


3, 

oe 
36, 
59, 
D7 


2, 


19, 
o4e 


56, 
68, 


aoe 


4, 5, 7, 
20 25. 
45, 46, 


2a oF 4, 
ce 19: 
36, 38, 


2, 3, 4, 
He, 20, 
36, 40, 


6, 9, 
ae 
39, 
62, 


10, 
24, 
40, 

64, 


a 4, 7 
ion 20, 
738, 
57, 58, 


7 eo, 
Pie 22, 
AA 2 
55, 62, 


Teele 
25, 26, 
Ses 
Glee 63, 
Tee 


Ar ; 
23, 25, 
BG. Sy 
58, 59, 
eT Ge, 
97, 98, 


1S 


Oey 1) 
26, 
48, 


Dae 
49, 


Oye) OF 
24, 26, 
41, 45, 


Dy o; 8, 
2 Ay 
43, 45, 


14, 
25, 
47, 
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15, 
26, 
49, 


oe S, oF 
pao 
40, 43, 
60, 64 


Cee Ge 
23, 25, 
44, 45, 
64, 65, 


10, 
Aap 
40, 
64, 


lls 
28, 
41, 
65, 


8, 14, 
46, 51, 


49, 56, 
Cele 
Diem oF 
41, 46, 
60, 61, 
TOPs 
100 


15, 


it 


16, 


14, 


Dee 
51, 


2 
ae 
48, 


9, 
Dae 
46, 


16, 
Doe 
54, 


OP 
7. 
45, 


26, 
46, 
67, 


12) 
29, 
44, 
68, 


54, 


61, 


29, 
49, 
63, 
82, 


iG; 


ig 


oe 


15, 


i719 
29, 35 
53, 57 


epee les 
on 32 
49, 52 


10, 12 
Do 
48, 53 


ie 
33, 35 
55, 56 


12, 15 
29, 30 
48, 49 


iG es 
Sieaes 2 
49, 50 
eee 


16, 17 
S0rans 1. 
48, 49 
69, 70 


Doe 27 
56, 64 


To 


oT 
SOM se 
50, 52 
64, 66 
Boas 


(Voie) Span Cyclic Difference Set 


(1O7ese ee) 


(LZarA “AOpen 


(1208) 40. ta) 


(120 C240-.135 


Cleo ae) 


(izaAnesma ll) 


(127B, 63,31) 


are 


ag 


eZ 


14 


VS 


au 


1, 3, 4, 9, 10, 11, 12,°0s ee 
19, 23, 25, 27, 29, 30, 33,532 
36, 37, 39, 40, 41, 42, 44, 47 ame 
49, 52, 53, 56, 57, 61, 62, 64.0Nee 
75, 76, 79, 81, 83, 85, 86, 87 meee 
90, 92, 99, 100, 101, tezeeeios 


1, 3, 4, 7, 9, 11, 12) epee 
27, 33, 34, 36, 39, 44, 55, 6anmmean 
67, 68, 70, 71, 75, 80, 81, 82am 
85, 89, 92, 99, 102, 103, 104 see 
109, 1615 eee iy iene 


1, 3, 4, 5, 9, 12, 13, 14, 5)Seeee 
17, 22, 23, 27, 32, 34, 36))3c mae 
45, 46, 48, 51, 64, 66, 69, 71, 77 
81, 82, 85, 86, 88, 92, 96, 102.0eneE 
109, 110neeial7 


1, 3, 4, 7, 8, 9, 12, 21, 24))25umeeene 
27, 34, 36, 40, 43, 49, 63, 64, 68 
70, 71, 72, 75, 78, 81, 82 eS meen 
92, 94, 95, 97, 102, 104, 108) ime 
113, Wilereeior 


1, 3, 4, 5, 7, 9, 12, 14, 15,. 0 
27, 32, 36, 38, 42, 45, 46, Silja 
58, 63, 67, 68, 76, 79, 80, Simee 
83, 96, 100, 103, 106, 107, 108) )me 
115, 216 seg 


1, 2, 4, 8, 9, 11, 13, 15 pole 
18, 19, 21, 22, 25, 26, 30,93. 
34, 35, 36, 37, 38, 41, 42, 44, 5am 
49, 50, 52, 60, 61, 62, 64, 68, 69 
70, 71, 72, 73, 74, 76, 79, Saleueene 
84, 87, 88, 94, 98, 99, 100, 103 
104, 107, 113, 115, 117, I20;ueee 
122, Hee 


1, 2, 3, 4, 5, 6, 7, 8, LO pau 
16, 19, 20, 23, 24, 25, 20 .e2cumeae 
33, 38, 40, 46, 47, 48, 50, Siemom 
56, 57, 61, 63, 64, 65, 66, 67, 73 
75, 76, 77, 80, 87, 89, 92,09 qe—eem 
96, 97, 100, 101, 102, 107, 108).0iam 
112, 114, 117, 119) 1227622 peeeee 

126 


a6 


(Fk) Span Cyclic Difference Set 


@i27C763 , 31) 


Gil27 63> 31) 


(127E, 63,31) 


M27E,63,31) 


(131,65,32) 


mics ,12,1) 


fa33 , 33,8) 


7 


13 


FZ 


15 


11 


42 


i 


1, 

16, 
Bee 
58, 
ee 
Sy, 


nies 


1, 

16, 
ol; 
an, 
68, 
89, 


il@)yi- 


1, 

16, 
30) 
50, 
66, 
83, 


105, 
120 


1, 

19, 
Bar, 
49, 
69, 
84, 


105, 
126 


uF 

Ze 
38, 
52, 
64, 
91, 


108, 
ieee 


1, 
13; 


1, 
54, 
84, 


LOG, 


pee 4 657, 8. 9. 12, 14, 15 
imeeelo 247. 28, 29-530, 31 

34, 36, 39, 47, 48, 51, 54, 56 

60, 61, 62, 64, 65, 67, 68, 71 

Gamera, 79, 83, 87, 89, 94, 96 

cam 102 loss 10s. 1074 108, 112 
ise le lie. 220), abode. 124 


Peo 4 6G 7: GO .. 12 ass 14 

igen S) ele 4 125. 2687 26 

Sepa.) 35436, 38, 47 48,650 

52, 54, 56, 61, 62, 64, 65, 67 

OMe oe 7S, 16, 77, 79,081, 87 

Cawmoa 297, 100, 102, 103, 104 
Mocmeelize. 115, 1il7, 121 @ei22,. 124 


Pes Semeoees. 9. 10; 12, 15 
igpeemopmiGe = 20) 24, 25. 97, 29 
S2ymce st. 36, 38, 39, 40, 48 
51, 54, 55, 58, 59, 60, 64, 65 
Gop mG. 76.077, 78 680 
89, 91, 93, 96, 99, 100, 102 
TOS e1Oor 110) 113, lien 118 


PEER eS oe. Oyo 11+ D2. 16 


POPE MEMEO OA) 25. 27) 2909932 
Sse meso 40. 41, 42 Aides 
50, 51, 54, 58, 63, 64, 65, 66 
oe CP 78-80. 82. 83 
88, 89, 95, 96, 98, 100, 102 
AOC de 1G, 119. “123, 2195 


See Oo io 1D gees, 16 

Die eee or Gs. 34, 35°36 

BOA dome 45, 46, 48, 49 

53, 55, 58, 59, 60, 61, 62, 63 

ES aS? wie, 61, 844589 

CASO oC pone 102) 105 e107 
HOCH ie ese 117 doa 
125, 129 


iG OPeayAs) 52, 60. 74 
ih ee 


oem lGge Noo O 4 21, 25,038 

56, 57, 64, 66, 70, 76, 80, 83 

91, 93, 95, 98, 100, 101, 105 
ieewelos wa 5 26, 137 


Va 


Period: 15 
Multiplier: 


COSET 


Period: 21 
Multiplier: 


COSET 


Period 2331 
Multiplier: 


COSET 


2 


2 


Z 


APPENDIX B 


CY CLOTOMT CReOsSh Es 


ELEMENTS 


2,4, 
675 b2 
10 

14 


SN OWrF O 


ELEMENTS 


25 4, 
6, 12 
One 
14 

18, 1 


ONION Wr OS 


ELEMENTS 


, 2, 4, 
6geule 
CL Ome 
1S, 30 
19) 7a 
26, 216 


O 
i 
3 
2 


TS 


8, 16 eam 
0, 19, 17 ae 


5 


8, 16 

7 20 ay 
Op. (9 emits 
29, 27) Ze 
A 29 3mee 
ll, 22,0 


Period: 35 
iibeapllrers <3 


COSkEt ELEMENTS 
Co 0 
o IESE oe 27 Io OO. 


jel Gea 4 a 


C5 Peed eS.. Do eee, 23. 
B42 - 26,0, 24 

e. 5, 15, 45, 30, 20, 25 

eo, joo 2S. 14 


Period: 40 
Multiplier: 3 


COSET ELEMENTS 
Co 0 
Cy ieceeo, 27 
C5 Deore, 14 
C3 en ee 36... 98 
ey 5, 15 
Cs Tie lege 3. 29 
Ce Se Pees 2. 16 
C5 10, 30 
Cg Ieee 1917 
Co io sO 37 5 T 
C10 20 
Clq DoymeeG. 2c, 34 
C1 25, 35 

Period: 43 


Multiplier: 11 


COSET ELEMENTS 

Co 0 

C1 ieeineec a All SiG 4 
C5 Deo 39 242 De 
C3 eecerelo 637, 20,95, 12 
Cy Grace oo 40 24 
or JCA ESO 0129 9 L8emoG.. 28 
CE Cpl a 5 917.15 36 


v2 


Period: 57 
Muleiplter: 7 


COSET ELEMENTS 

c 0 

C Ll, 7 eee 
Co 2, 14, 41 
C3 3, 2s 
C4 4 Se ae 
Cs 5. Smead 
Cé 6, "azo 
Ca 8, 26700 
Ce 10; 13,434 
Co Ll; 2202 cS 
C10 2 ee eee 
Ci 15, 487.51 
C12 16, 357.043 
C13 19 

Cia4 22, A0G SoZ 
Cis 23, 47, 44 
Cire 24. SAY Ss 
Cr7 29453 2a 
Cig 307 397 aS 
Cis 3, 460 oO / 
C59 38 


Period: 63 
MubGaptier<22 


COSET ELEMENTS 

Co 0 

Cy 1, 2, 4, 8, Weer 

C5 3, 6, 12, 24, 20s 
C3 5, 10, 20, 40, jig 
oy, 7, 14, 28, 56, 49s 
Cs 9 1s) wee 

CE 11, 22, 44, 25, 50-moe 
Cr 13, 26, 52, 41, 19 mee 
Cg 15, 30, 60, 57, Simms 
Co eae 

Cio 23, 46, 29, 58, 53mm 
Cy 27, 54, 45 

C1 31, 62, 61, 59, 55, 47 
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Period: 85 
Multiplier: 2 


COSET ELEMENTS 

Co 0 

Cy eee 8, 16, s2eeGA 43 

C5 See 24, ASM, 
44 

C3 Sl, 207.40, S0MN75, 65> 
45 

Cj We A256, 27mm 54. 23) 
46 

or oree Sym 36, 7 2). 95 95 2 GG), 
47 

Ce melo; Oe,  Lommeso. lao) 
6 eaA9 

C4 oO, 60, 35)NErIO 1 55. 
25, 50 

Cg I 34 684N 51 

Co ee 84, Ssheesi, 77. 
69, 53 

C10 2D Bio ily ae, SCs a 
Tie. 57 

C11 OY 4 te 635d eeoD). 79). 
Tie ou! 

Period: 91 
Muleciplier: 3 

COSET ELEMENTS 

EG O 

Cy peed, 278. 61> 61 

C> 2 SS, GO wae sil 

C3 Ae eso. 17) 51, 62 

Ca Dyas 44, 41 ae 

Cs 7, 21, 63 

oF oye ae 34 ees 

C4 10, 30, 90, 88, 82, 64 

Cg eto 66, 18452 m5 

Co 14, 42, 35 

Cio Gece SSG So) 2 2G 

C11 TOD 77 O 2058, $3567 

C15 20, 60, 89, 85, 73, 37 

C13 Comore 5 75 43 63 

Cia 28, 84, 70, 28, 84, 70 

Cis 29, 87, 79, 55, 74, 40 

Cig 46, 47, 50, 59, 86, 76 
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Perrvods=121 
Mot erp ler : 


COSEL 


Period: 127 
MULttplier: 


COSET 


3 


2 


ELEMENTS 


0 
1, 3) 9 ew ace 
2, 6, 18, 54, 41 
4, 12) 36, TOSmmee 
5, 15, 45, 14, 42 
7, 21, 63, 638 -mee 

, 24, 72, 9S ieee 
10, 30, 90, 28, 84 
11, 33, 99, 55),uae 
13, 39, 117, 109 eee 
16, 48, 23, 69, 86 
17, 51, 32, 96, 
19, 57, 50, 29, 87 
20, 60, 59, 56, 47 
22, 66, 77, 110, ee 
25, 75, 104, 7Omee 
26, 78, 113, 97 ees 
31, 93, 37, 111 om 
34, 102, 64, 71,6ee 
35, 105, 73, 98, )5e 
38, 114, 100, Seeee 
40, 120, 118, 112 9ece 
61, 62, 65, 74, 101 
67, 80, 119, 115, ioe 
76, 107, 79, 116 seo 


ELEMENTS 

0 

1, 2, 4, 8, 16, 32e 
3, 6, 12, 24, 489g 
5, 10, 20, 40, SOmmeeE 
7, 14, 28, 56, 112mm 
9, 18, 36, 72, 17 5nee 


65 


66 
; oe 
68 


11, 22, 44, 88, 49)oapmmee 


13, 26, 52, 10490¢ene 
70 
15, 30, 60, 120) .3iamee 
al 
19, 38, 76, 25, =5ee 
as 


359 
99, 


100, 


21, 42, 84, 41, 827537 ee 


Period: 133 
Multiplier: 


COSET 


Co 
Ci 


5 
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Dyes O 92) ore 01. 
75 

20 D4 108 Sone 51, 102, 
Tai 

DOPE Come rilor 1OSsmmgs, 30. 
78 

ye 62, lod idee 1115, 
Osea 

A285 45, 90,56, 106. 
85 

eno 4 Galen 12 peor. 
87 

Sor 10, 935 59 eee 109, 
91 

Soren 26) ee 125, endear) 119) 
hal, Sis 


ELEMENTS 


0 
Se > ee oo GG) G4” 
Bye Op OOP mG 0G). 
Poe 2 9S 6c 5 oom 
COO One 17 a moe els. 
eye 0S 56h 40muor), 69). 
op a2 Gy ls eS sees 7 
Bye)? 51 09,,) e865, 59 
22 GOs 345s) (50) 
127, 103, 116, 48, 107 

5, SOy ea ee Bale ep 
incre S ete 1207 oe. 74 
O4veel2 legs, 99 sue BT 
oes 7, Limes. 495 
Ieee s 

reese o2 Gl) SOMNG2), 44. 
Eon 7a OD Se lbiele 23, 
Sp eye eee. 11. 55 

a7 O84, 921), On 1216) 
98, 91, 56 

See Ons) a 122) sige 14 
Sire elec) 94 elie 3O., 
AG Ot 66, Sl, 22 110 
See CSET 6) 8114, Sem 57 


Period: 133 
Multiplier: 11 


COSET ELEMENTS 

Co 0 

Gh 1, dapeeom 

C5 2, 22 log 
C3 3, 335g 

Cy 4, 44, 85 

C5 5, Sopa 

CE 6, 66, 61 

Cy 7 aS 

Cg 8, 88, 37 

Cg 9, 99, 25 
Cio 10, dao as 
Chg 12, eo oe 
C1 4 2 eos 
C73 15, 320986 
C14 16,4 Sea 
Cis 17, 54, 62 
er 18, 65, 50 
C17 19, 76, 38 
Cig 20, 87, 26 
C19 23, te 
Cra 24 oa eel 
C51 27, SS 
C55 28, 42, 63 
C53 Me), 53, Sil 
C54 30, 64, 39 
C55 34) ose aie 
C56 35, 119, 112 
C57 36, 130) 100 
C59 rs ey 
C59 45, 96, 125 
can 46, 107, 113 
Cea 47 ooieo od 
C39 48, 129, 89 
C33 56, 84, 126 
C34 57, 95, 114 
C35 58, 106, 102 
C36 59, 117, 90 
C37 60, ) 12ers 
C39 67, Feed 
Cre 68, 83, 115 
Cao 69, 94, 103 
Cig 70, 105, 91 
or 71, ie as 
On 80, 82,4 
on 81, 93, 92 


84 


APPENDIX C 


INEQUIVALENT CROSS-CORRELATIONS 


Vek a 


Genel) 
1A 157) 


lor) 
(31B,15,7) 


(31A,15,7) 
(31B,15,7) 


(43A,21,10) 
(43B,21,10) 


(63A,31,15) 
(63B,31,15) 


el aae A 13) 
(121B,40,13) 


(lz A AO, 13) 
(121C,40,13) 


(121A,40,13) 
(el 40613 ) 


(121B, 40,13) 
eee Ors ) 


(121B, 40,13) 
(ae) 210-3 ) 


eC, 20,13) 
al 1) 4.0) ) 


ele goa, 31) 
(127B, 63,31) 


(127A,63,31) 
(@27C, 65,31) 


(127A,63,31) 
flo 7 DiyGs:,. 311) 


ior 


of Cosets 


13 
13 


Za 
Zo 


25 
Zz 


25 
25 
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No. oOf8 Values #or C(T 


6 


10 


10 


10 


10 


tie eae: 


(27h Oseem) 
GIOTE;, 63,32) 


(127A, 63am) 
(eT fos, 


(127 Boas) 
(127C, 63,31) 


(127B 763 e682) 
(27D) osuone) 


(127B, 63,31) 
(127E, 63,31) 


(127B, 63,31) 
(127E) 68, o0) 


(12 7C-63ioas) 
(io7D 63.0.) 


Go7e, 637.) 


(l27E 63,3200) 


(127¢C, 63061) 
(27E 63 or) 


(1127 D; 63qauh) 
(127E, 63,31) 


(A27.D: 63fe) 
(127F,63,31) 


(GE 6S 208) 
(127F,63,31) 


(soe or) 
se eens) 


No. of Cosets 


ee 
ib, 


19 
ig 


19 
eS 


i 
aco 


19 
ob 


19 
i? 


a 
19 


19 
19 


1g 
JES, 


SIS, 
ag 
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No. of Values for €i@ 


2 


11 


aro 


10 


11 


et 


eae 


dee 


APPENDIX D 


EQUIVALENT CROSS-CORRELATIONS 


(v,k, A) No. of Cosets (Sgk} [a] Leia 
Cisnaeen 5 7 4 
(nes ai 6 5 3 
onenceas) aval 2 3 
5 4 
4 4 
6 3 
8 4 
aE): 4 
a2 4 
16 3 
17 4 
(310A, 15697) 7 3 3 
9 3 
27 6 
io 3 
26 3 
ese 17 18) 5 2 5 
(40,13,4) 13 y uv 
11 6 
13 6 
(43A,21,10) 7 2 6 
3 6 
6 6 
7 6 
2 6 
(578714) Dal 2 3 
4 > 
5 5 
8 3 
10 4 
11 5 
EG 5 
22 4 
23 5 
24 4 
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CPI) No. of Cosets (Sgki [4] Lc call 


Zo 
S10 
3 1 


m W W 


(63A,31,15) 1 5 
11 
ie 
23 
31 


OMmMwW MN W 


C63'B;,.3 277.15) 13 5 
11 
i 
23 
31 


oun wn ~) 


(85,21,5) 12 3 
a 
9 
13 
Zul 
29 
Ba 


IP OP BVA 


(91,10,1) 17 


fk 
<7 
WO PP UWP PR Ww 


(120A AO mis) 25 


ke 


ra) 
OV 

WWORF UMP WWP UW WwW Ww 
be b 
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(v,k, 4) Nommotmeescts {Sqk) [4] erm | 
34 5 


35 5 
38 Tal 
40 11 
61 3 
67 el 
ee A aA.) 25 76 11 
(218s 20-13 ) 25 D 10 
4 10 
5 10 
7 il 
8 4 
10 5 
13 5 
16 10 
7, 9 
19 9 
20 10 
25 10 
26 10 
31 10 
34 10 
35 La 
38 10 
40 10 
61 10 
67 10 
76 4 
a2 C, 20013 ) 25 2 7 
4 3 
5 10 
7 10 
8 7 
10 7 
13 y/ 
16 10 
1 7 
19 7 
20 3 
25 4 
26 10 
31 3 
34 4 
35 10 
38 10 
40 9 
61 7 
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(v, ke No. of Cosets {Sgk} [4] Caan 


67 3 
76 7 

(1219), on 13) 25 2 9 
4 10 
5 8 
7 10 
8 10 
10 9 
13 9 
16 10 
ag 11 
19 11 
20 10 
25 10 
26 8 
aul 10 
34 10 
35 10 
38 10 
40 10 
61 9 
67 10 
76 10 

(2786s 420) 19 3 6 
5 7 
7 6 
9 6 
dea 6 
13 6 
15 6 
Dall 6 
2s 6 
27 7 
29 6 
eal 6 
43 6 
55 6 
63 7 
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(Va oO No. of Cosets (Sok) [a] Lee. | 


Mie Tenos 31) 19 3 3 
5 3 
7 7 
9 3 
11 3 
13 3 
15 3 
19 7 
2 7 
23 3 
27 3 
29 3 
31 7 
43 3 
47 7 
55 7 
63 ee 

lie gD=6c-3 1) 19 3 14 
5 a2 
7 14 
9 13 
11 14 
13 14 
15 ies 
19 14 
Dali 13 
23 13 
De le 
29 14 
oul 14 
43 13 
47 14 
55 14 
63 14 

M27 Eyes 3 1) 19 3 6 
5 8 
7 8 
9 9 
11 10 
13 10 
15 9 
19 7 
Dal 9 
23 10 
27 9 
29 10 
31 9 
43 6 
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(v,k,A) No. ome@ocete (Sqki [q] | Cam 


47 a 
3D g 


( We 763772) eo 63 


rz 
>) 


(127F,63,31) 19 


Oo 


NO 
2 
FOU ANP OPN ON VON OO UO OV 
O 


(233 73 3578) 10 


moo fF J 


C23 35062) 45 


ro 
> 
NOOnnnnhb FP HP HHP OWA KH HOOP W 
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fake) Newmonmeosetc {Sgk} [Q] Relcom 


28 
Zo 
30 
od 
sre 


PPO PA 


(128612 J») 45 35 
36 


WW 
Ne) 
POO Pwo Wo 


a3 
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